Loop quantum cosmology with a scalar field is known to be closely linked with an inflationary phase. In this article, we study probabilistic predictions for the duration of slow-roll inflation, by assuming a minimalist massive scalar field as the main content of the universe. The phase of the field in its "prebounce" oscillatory state is taken as a natural random parameter. We find that the probability for a given number of inflationary e-folds is quite sharply peaked around 145, which is consistent with the most favored minimum values. In this precise sense, a satisfactory inflation is therefore a clear prediction of loop gravity. In addition, we derive an original and stringent upper limit on the Barbero-Immirzi parameter. The general picture of inflation, superinflation, deflation, and superdeflation is also much clarified in the framework of bouncing cosmologies.
I. INTRODUCTION
Loop quantum gravity (LQG) is a tentative nonperturbative and background-independent quantization of general relativity. It uses Ashtekar variables, namely SU (2) valued connections and conjugate densitized triads. The quantization is obtained through holonomies of the connections and fluxes of the densitized triads (see, e.g., [1] for an introduction). Basically, loop quantum cosmology (LQC) is the symmetry reduced version of LQG. In LQC, the big bang is generically replaced by a big bounce due to huge repulsive quantum geometrical effects (see, e.g., [2] for a review).
Trying to confront LQG with the real world is a key issue. It is not currently possible to compute the cosmological dynamics from the full quantum theory (interesting attempts have recently been presented in [3] , in particular for perturbations). As in most works on the subject, we will therefore deal with effective equations that are believed to capture the main quantum effects. Many studies have been devoted to the computation of power spectra and their subsequent comparison with observations (see, e.g., [4] ). Here, we do not follow this track but, in the spirit of [5] , focus instead on only the homogenous part of the Universe, and the probability corresponding to different durations of inflation, within the loop gravity framework.
Two main LQG corrections are expected when dealing with a semiclassical approach, as will be the case in this study. The first one comes from the fact that loop quantization is based on holonomies, i.e., exponentials of the connection rather than direct connection components. The second one arises for inverse powers of the densitized triad, which, when quantized, becomes an operator with zero in its discrete spectrum, thus lacking a direct inverse. As the status of "inverse volume" corrections is not fully clear, due to the fiducial volume cell dependence, this work focuses on the holonomy term which has a major influence on the background equations. This paper is organized as follows: In section II we present the equations that are the starting point of this paper. In section III we explain the different phases of evolution that these equations give rise to. The calculations used in this section can be found in appendix A. In section IV we calculate the probability distribution of different solutions, and, in particular the probability distribution of the number of e-folds of slow-roll inflation. In section V we derive an analytical expression for the most probable value of the number of e-folds of slow-roll inflation. In section VI we use the above results to constrain the critical density and the Barbero-Immirzi parameter.
This study is complementary to the ones performed in [5] where the probability distribution was assumed to be flat and defined at the bounce (the first attempts in this direction were performed in [6] ). Here, we make a very different assumption: the phase of the field oscillating in the remote past is considered to be the most natural random variable. As shown in [7] the choice of what is a natural measure, and therefore the outcome of these kinds of calculations, can depend heavily on when one decides to define the initial conditions. Here, we take seriously the meaning of an "initial" condition in a Universe that extends in the past beyond the bounce. We do not use any heavy machinery and rely only on very minimalistic hypotheses. Nor do we assume different conditions at the bounce, as in [5] , but instead derive them explicitly as predictions of the model.
In the end, we show that, if the critical density is assumed to be a free parameter, a stringent upper limit on the Barbero-Immirzi parameter, γ, that is the free parameter of loop gravity, can be obtained. This is especially important if, as suggested in [8] , the entropy of black holes can be recovered for any γ, therefore leaving its value mostly unconstrained.
The emphasis of this study is put on LQC as this model provides a well-defined framework, with known and controlled equations of motion. Most results are, however, probably quite generic to bouncing models.
II. FRAMEWORK
The holonomy-corrected LQC-modified Friedman equation reads as
Here we assumed that the Universe is kinetic energy dominated around the bounce so that higher-order terms can be neglected [9] . We will see later from the prediction of section IV that this is self-consistent. The main content of the Universe is assumed to be a massive scalar field φ with mass m fulfilling:
This is both the most common and the best motivated (as a scalar can account effectively for many kind of other fundamental contents) choice, allowing for easy comparisons with works carried out in standard cosmology. We use the critical density, i.e. density at the bounce, given by [2] 
Pl , where κ = 8πG and γ = 0.2375 (except in sections IV and V where ρ c is considered as a free parameter). We use the mass of the scalar field m = 1.21 × 10 −6 as is favored by observations [10] (except in section V where m can be taken as a free parameter).
We define the fractions of potential and kinetic energy, normalized to the maximum energy density,
so that
The equations of motion for x, y, and ρ arė
III. PHASES OF THE LQC BOUNCING UNIVERSE
Using Eq. (1) and Eqs. (4)- (6), the evolution of the Universe can be generically described by five phases:
A. Prebounce oscillations B. Slow-roll deflation C. Superdeflation, bounce, and superinflation D. Slow-roll inflation E. Post-bounce oscillations Examples of plots of x for different solutions are given in Fig. 1 . They are good indicators of what is happening since one can see here very clearly the differences between the phases of evolution.
We assume that ρ c is large enough so that ρ ≪ ρ c is always the last of the relevant conditions to be violated before the bounce and the first one to be restored after the bounce. This is in agreement with result from numerical simulations. In the following equations, t is always the cosmic time, but it will be shifted between solutions for the different phases ; for convenience reasons, the convention for the origin of time is not always the same. The exact origin of time is irrelevant for the underlying physics.
The calculations behind the results in this section are presented in appendix A.
A. Prebounce oscillations
This phase is characterized by the fact that x and y are oscillating with vanishing mean values and growing amplitudes. In this study, we naturally assume this phase to be the initial state of the bouncing Universe. This is of course a hypothesis that can be questioned. The conditions for prebounce oscillations are
The evolution in this phase can be approximated by
This is stable until ρ grows large enough to violate the last condition.
B. Slow-roll deflation
Slow-roll deflation is characterized by an almost constant y and a linearly growing |x|. The probability of slow-roll deflation is small, since it occurs only if the relation between x and y is very specific at the end of the phase of prebounce oscillations. The conditions for slowroll deflation are
In this phase, the equation of motion for y can be approximated bẏ
The value y = sign(x)
is an unstable stationary point. The variable y will evolve away from sign(x) m √ 3κρc
. However, if y starts out very close to sign(x)
, theṅ y ≈ 0 for a while, and this leads to slow-roll deflation. Slow-roll deflation is in this sense unstable.
C. Superdeflation, bounce and superinflation
This phase is characterized by a large |y| and a rapidly growing or decreasing x (y, and thereforeẋ, do not change sign during this phase). Superdeflation starts directly after post-bounce oscillations or after slow-roll deflation. The conditions for this phase are
The evolution can be approximated by
where t = 0 at the bounce for Eqs. (13)- (14). This phase is stable for H < 0 but unstable for H > 0 since, in the later case, |y| is decreasing rapidly and will eventually violate the second condition of Eqs. (12) .
D. Slow-roll inflation
Slow-roll inflation happens if the second condition of Eqs. (12) is broken before the first one. The conditions for slow-roll inflation are:
which should be compared with Eq. (11) . In this case
is an attractor, therefore, slow-roll inflation is stable until one of the two last conditions is violated, which occurs at approximately the same value of x for both conditions. [13] 
E. Post-bounce oscillations
The conditions for post-bounce oscillations are
The evolutions in this phase -corresponding to reheating-can be approximated by
together with Eqs. (9) .
IV. NUMERICAL PREDICTIONS
In this section we calculate the probability density function for x B , the square root of the fraction of potential energy at the bounce, and N , the number of e-folds of slow-roll inflation. This is done by first finding the most natural initial probability distribution, and then evolving it numerically.
We believe that it is most natural and consistent with the Big Bounce model to set the initial probability distribution in the prebounce oscillation phase. The evolution of the Universe in this phase is described by Eqs. (8)- (9), with parameters ρ 0 and δ. However, the transformation
corresponds to
and does not therefore generate new solutions. This allows us to take δ as the only parameter. In addition of being the obviously expected distribution for any oscillatory process of this kind, a flat probability for δ will be preserved over time within the prebounce oscillation phase (under the assumptions given by Eq. (7)), making it a very natural choice for initial conditions. By "preserved over time" it is meant here that it is preserved by transformations described by Eqs. (19)-(20). This is not a trivial point as any other probability distribution would be distorted over time, meaning that the final result in the full numerical analysis would depend on the choice of ρ 0 . It can be noticed that time itself is not a relevant parameter in the numerical analysis: the time it takes for the Universe to evolve from its initial state to the bounce is determined by ρ 0 .
Starting with a flat probability distribution for δ, and choosing ρ 0 so that the solution is initially well approximated by Eqs. (8)- (9), the probability for different values of x B can be calculated numerically using the full set of Eqs. (1) and (4)-(5). At the bounce the solutions can be parametrized by x B and sign(y) ; however only the relative sign is physical. We therefore project the result down to the physically relevant parameters by considering sign(y B )x B . The value of sign(y B )x B as a function of δ and the resulting probability distribution are shown in Fig. 2 .
In previous works, sign(y B )x B was taken as unknown [5] . However, here, we show that it is sharply peaked around 3.55 × 10 −6 (this values scales with m as m log 1 m , where we assumed that m ≪ 1 in Plank units). The most likely solutions are exactly those that have no slow-roll deflation. In the tails of the probability spectrum, there are solutions with some slow-roll deflation, but the probability density decreases very rapidly with the length of slow-roll deflation. This result is also expected from the arguments given in section III.
Our result is not symmetric under a time reversal transformation. This is not surprising as we broke the time symmetry of the model by choosing initial conditions outside of the bounce. There is here a clear causal evolution from the past to the future. However, given the same prior (initial) distribution for the post-bounce oscillation phase and evolving backward, one would of course find that these results hold for the probability of prebounce deflation.
This result also shows that the bounce is strongly kinetic energy dominated, leading to backreaction effects that can be safely neglected [9] . The model is therefore self-consistent.
Slow-roll inflation starts when |x| = x max where x max . = max t>tB (|x|), which is related to the length of slow-roll inflation by N = 2 , where N is the number of e-folds during slow-roll inflation. The probability density for N is given in Fig. 3 , showing that the model leads to a slow-roll inflation of about 145 e-folds. This becomes an important and clear prediction of effective LQC ; inflation and its duration are not arbitrary in the model. This prediction is in agreement with observations that require a slow-roll inflation longer than 65 e-folds. Strictly no fine-tuning was required to obtain this result.
The old and well-known "measure problem" in cosmology is basically related to the way ignorance should be described. Ignorance means a flat probability distribution function over some natural measure, and the question is the following: what should this measure be ? In the minisuperspace (homogeneous, isotropic and flat) approximation used in this study, the relevant problem is not related with the existence of infinitely many degrees of freedom or with divergent integrals but with the way to chose the significant measure with respect to which the probability distribution is flat. If we assume no knowledge of quantum gravity, it might be a reasonable assumption to chose the "time of ignorance" at the Planck density, and search for a natural measure of the parameters at that time. However, in this study, we assume that, through the bounce, the Universe is well described by Eqs. (1) and (2) . In this approach, our ignorance starts when the mater content begins to be well approximated by the (effective) scalar field (assuming, e.g., that the prebounce oscillation phase is created by some inverse reheating process). As we know neither the details of this process -which might very well be purely random-nor the density at which this occurs, we trans- late this ignorance as a flat probability distribution for the most natural parameter of this phase. In addition, even if we somehow gain knowledge of the physics governing the "inverse reheating", and even if this this theory predicts a nonflat probability distribution for δ, unless this probability distribution is extremely peaked around the specific value that gives significant slow-roll deflation, our result will hold.
V. ANALYTICAL PREDICTIONS
A raw analytical estimate for N can be obtained by assuming that the phase of superdeflation, bounce and superinflation starts at H = −m with x = 0, and ends at H = m. One then finds that
where we have used arcsinh number of e-folds of slow-roll inflation as
VI. CONSTRAINTS So far, we have used the standard value of ρ c , with a Barbero-Immirzi parameter γ assumed to be known from black hole entropy (see, e.g., [11] ) in our numerical investigation. By instead taking ρ c as a free parameter, we can constrain ρ c and γ. Previous attempts to constrain ρ c (see [12] ) from cosmological data were based on x max < 1. However, we have shown that, in all realistic cases, x max is much more limited than that.
We can derive an upper limit on γ by requiring a large enough probability for a long enough slow-roll inflation. This is again done by assuming the (natural) prior probability distribution in the prebounce phase that was described previously. Figure 5 shows P (N > 65) as a function of ρ c and Table I gives the constraints on ρ c , and γ for different required minimum probabilities for N > 65. One can also perform an analytical calculation using Eq. (22), leading to ρ c > 1.6 × 10 −5 . The main results of this analysis are that γ < 10.1 at 95% confidence level and γ < 11.9 at 99% confidence level. This is much more stringent than previous cosmological constraints [12] : γ < 1100. As the value of γ derived form black holes is still controversial, this new bound is clearly meaningful.
VII. CONCLUSION
This article establishes a prediction regarding the duration of slow-roll inflation based on holonomy-corrected effective LQC together with a single massive scalar field. The preferred value is N = 145 e-folds. Values lower than 110 or greeter than 170 are highly improbable. In addition, the value of x B , the square root of the fraction of potential energy at the bounce, is no longer unknown, but is shown to be very close to 3.5 × 10 −6 . Finally, the Barbero-Immirzi parameter is now bounded to be smaller than 10 − 12 (depending on the confidence level), which is, by far, the best cosmological constraint.
This work should be developed by including other types of matter, by taking into account inverse volume correction, and, in the long run, by trying to use the full LQG theory.
